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In this work the existence of Borromean states has been discussed for bosonic and fermionic cases
in both the relativistic and non-relativistic limits from the 3-momentum shell renormalization. With
the linear bosonic model we checked the existence of Efimov-like states in the bosonic system. In
both limits a geometric series of singularities are found in the 3-boson interaction vertex, while the
energy ratio is reduced by around 70% in the relativistic limit because of the anti-particle contribution.
Motivated by the quark-diquark model in heavy baryon studies, we have carefully examined the p-
wave quark-diquark interaction and found an isolated Borromean pole at finite energy scale. This
may indicate a special baryonic state of light quarks in high energy quark matters. In other cases
trivial results are obtained as expected. In relativistic limit, for both bosonic and fermionic cases,
potential Borromean states are independent of the mass, which means the results would be valid
even in zero-mass limit as well.
Introduction.— In classical physics, the three-body
problem in gravitation systems could be traced back
to Galileo Galilei. Its nonlinearity led to a spectac-
ular direction called dynamical system founded by
Henri Poincare´’s works. Except some special and sta-
ble solutions[1, 2], a generic dynamical system is usu-
ally too complicated to solve without supercomputers.
Ineluctably this situation passed on to its descendants
when married with quantum mechanics. Neverthe-
less, there is also supposed to be some special solu-
tions in quantum systems as well, which are usually
closely related to low energy or long range properties
of the system[3]. Efimov effect, which is discovered
in the quantum spectrum of a three-heavy-particle sys-
tem is one of these special solutions. Intuitively the
three-body states are also referred to as Borromean-
ring states in which any pairs of these three are bound
infinitely loosely. The geometric series of three-body
bound states(Efimov series), was first found in nuclear
systems by Efimov in 1970s[4, 5]. Theoretically, the
Efimov effect can be easily seen in the hyperspherical
formalism [6] where a scale-invariant −r−2 potential
emerges at long distances with r being the hyper ra-
dius. From the renormalization point of view, it cor-
responds to a limit cycle behavior of the RG flow [7].
The Efimov effect has been observed in hypernuclei[8],
halo nuclei[9], and helium-4 atoms[10, 11]. In the past
two decades, it has attracted renewed interest due to
the fast development of experimental techniques of ul-
tracold atomic physics, which offers an ideal platform
for the study of such an effect. Measurement of loss
rate of ultracold Bose gases[12–14] which directly re-
flects the effect of underlying Efimov trimers, is in good
agreement with theoretical predictions [7]. These few-
body studies further provide valuable input for the un-
derstanding of more sophisticated quantum many-body
problems.
Although the Efimov effect, or Borromean state in
general, is identified as a low-energy/long-range cor-
relation effect, the original non-relativistic(NR) model
does not apply to particles that do not have a proper
non-relativistic limit, such as the massless case. It is thus
appealing to ask whether such exotic few-body states
exist in relativistic cases. Moreover, this question has
much realistic meaning in high energy physics. In rel-
ativistic heavy ion collisions, the generated extremely
hot quark-gluon plasma(QGP) contains huge number of
particles and anti-particles. In such a many-body system
a remarkable amount of novel states, which are too rare
to be detected in p+ p collisions, may be generated. For
example, the population of the very rare heavy state Ξ+cc
could be 4 orders of magnitude larger than that in p+ p
collisions[15]. The light particles, such as the pi me-
son which serves as the Goldstone boson correspond-
ing to the chiral symmetry breaking and light quarks
which could be treated as chiral fermions in QGP, may
form different kinds of novel few-body states, and hence
be observed. Furthermore, for light quarks, even or-
dinary few-body bound states, such as baryonic states,
may be closely related to the famous quark confinement
problem. The related hadronization process are still un-
clear. Obviously these processes could only be studied
in relativistic models. In this work we will focus on 3-
body Borromean states because they are more model-
independent and more nontrivial than bound states of
a 2-body molecule and one particle, which is essentially
more like a 2-body problem.
There are a few works concerning the Efimov effect
or Borromean states in relativistic bosonic systems[16–
19] by straightforward Mandelstam variables replace-
ment and Bethe-Salpeter equation. On the other hand,
fermions, which are believed to be trivial because of the
Pauli exclusion principle , have attracted much less in-
terest in the relativistic limit. Nevertheless the potential
novel states and quark confinement problem motivate
us to reconsider the relativistic 3-body problem, espe-
ar
X
iv
:2
00
4.
05
99
7v
1 
 [h
ep
-p
h]
  5
 A
pr
 20
20
2cially the fermionic systems, more seriously. In order to
study 2-body and 3-body interactions simultaneously,
we will start from particle–di-particle models. The di-
particle state, in particular the diquark[20–24], which
could be viewed as a 2-body bosonic bound state ap-
proximately, is not only a useful effective degree of free-
dom in the model but also has important and realistic
application in the modelling of hadronization and phase
diagram studies of baryon-rich matter. In the fermionic
case we will more focus on a momentum-dependent 3-
body interaction which is motivated by heavy baryon
studies[25] with the similar model.
In this report we will adopt an intuitive and self-
consistent approach, i.e. the 3-momentum shell renor-
malization, to study both the bosonic and fermionic sys-
tems in the relativistic limit. For the relativistic and
fermionic case the Bethe-Salpeter equation and Dirac
equation approach either is too tedious in both ana-
lytical and numerical computation[26] or has difficul-
ties in constructing a self-consistent relativistic spin-
dependent 2-body potential[15, 27]. Therefore the mo-
mentum shell renormalization approach is a worthwhile
trial of this problem. We will firstly confirm the Efimov
effect in the linear bosonic model as Refs.[28, 29] with
the simplest coupling in both NR and relativistic limits.
For the fermionic case, the fermion–di-fermion model
will be introduced. It will be shown that there is an indi-
cator of a single Borromean state in the relativistic limit
while the systme becomes trivial in the non-relativitic
limit as expected.
(a) (b)
FIG. 1: 1-loop corrections to propagators of ∆ (a) and φ (b).
Bosonic system.— We adopt a boson-di–boson model
to study the three-body problem. It is much easier
to deal with than the fermionic one because there is
no Dirac structure in vertices. The Lagrangian density
reads
L = ∂µφ†∂µφ+m2φ2 + ∂µ∆†∂µ∆+M2∆2
+h(∆†φ2 + ∆φ†2) + g∆2φ2, (1)
where ∆ and φ are both bosonic fields. Obviously the
∆ field could be viewed as a two-φ composite field be-
cause of the field equation ∆ = hφ2 in static limit. We
will focus on poles of the 4-point vertex which repre-
sents potential bound states in the 3φ → 3φ scattering
process. In order to obtain the flow equation of g we
follow the procedure in Refs.[30, 31] by computing the
perturbative corrections to the 2, 3 and 4-point vertices
with the 3-momentum shell renormalization rather than
the usual 4-momentum integration in the high energy
physics. In this work we will treat field masses as free
parameters and tune them to achieve two energy-scale
limits. Because of charge conservation there is no one-
loop correction to the 3-point vertex. Hence the flow
equation of h is given by the wave function renormal-
ization of ∆ and φ fields in Fig.1 at leading order, i.e.
∂sh = h∂sZφ + 12h∂sZ∆. The arrows of propagators rep-
resent the charge direction. In non-relatvistic models
there is no diagram (b) because of the absence of anti-
particles. Here we will see that in NR limit the contribu-
tion of diagram (b) is suppressed by mass.
(a) (b) (c)
(d) (e)
FIG. 2: 1-loop contributions to the renormalization of g.
Flow equations of wave function renormalization Z∆
and Zφ and vertices in NR limit, i.e. Λ  m and Ek '
m+ k2/(2m), are calculated as follows
∂sZ∆ = − 232pi2
h2
mΛ
, ∂sZφ = − 232pi2
h2
Λ2
, (2)
∂sg =
13
48pi2
gh2
mΛ
− 1
3pi2
h4
mΛ3
− 1
12pi2
g2Λ
m
, (3)
where Λ = Λ0e−s is the running 3-momentum cutoff.
We consider 1-loop corrections to the 4-point vertex cou-
pling g as presented in Fig.2. In the NR case the dia-
gram (e) is negligible at the leading order. In the com-
putation, the mass of the two-body field ∆ is chosen as
M = 2m. This is justified by the fact that h2 = 16pi2mΛ
approaches zero in the infrared limit Λ → 0(large s),
which means that in this limit the two-body state is quite
loosely bound. Making use of the result of h in this limit,
the flow equation of coupling g gives the following so-
lution,
g =
4pi2m
Λ
[−
√
39Tan(
√
39
3
s+ c0) + 5]. (4)
Obviously the ratio between binding energies of two
neighboring Efimov states is given by e2δs with the step
of singularities δs ≈ 0.48pi for this simple model. Be-
sides the expected Efimov-like behavior, we find that the
dimensionless 4-vertex coupling g behaves as a dimen-
sionful quantity scaling with Λ−1 in the unit of mass.
The same results could be obtained in a explicit NR
model by replacing propagators with (k0 −~k2/(2m) +
iη)−1.
3In relativistic limit, the diagrammatic representations
of 1-loop corrections are the same as those in Fig.1 and
Fig.2. The difference is that in the limit Λ  m, the di-
agram (b) in Fig.1 and diagram (e) in Fig.2, due to anti-
particles, will be at the same order as the others, and
hence contribute to corrections of vertices equally. Tak-
ing this anti-particle contribution and relativistic disper-
sion relation Ek ' k + m2/(2k) into account, the flow
equations are
∂sZφ = − 432pi2
h2
Λ2
, ∂sZ∆ = − 232pi2
h2
Λ2
, (5)
∂sg =
9
16pi2
gh2
Λ2
− 5
4pi2
h4
Λ4
− g
2
4pi2
. (6)
Again we take M = 2m in the computation because
h2 = 325 pi
2Λ2 tends to vanish in IR limit. Since there
is no mass dependence in these equations, their solu-
tion would not be changed even in the zero mass limit.
And as expected, the wave function renormalization Zφ
is at the same order as Z∆. This antiparticle contribution
also appears in the g2 term of Eq.6. In the infrared limit,
namely small Λ and large s, solutions read
g = −4
√
239
5
pi2Tan(
√
239
5
s+ c0) +
36
5
pi2. (7)
Although the Λ dependence of h and g has been
changed because of the relativistic dispersion relation,
the structure of solution is qualitatively the same. We
get the Efimov-like series of poles with the energy step
reduced to δs ' 0.323pi.
Fermionic system.— As a reducible 4-dimension rep-
resentation, the Dirac spinor could be studied more
straightforwardly and self-consistently in the relativis-
tic quantum field theory. Although it is well-known
that the simplest Efimov states does not exist in the NR
fermionic system because of the Pauli exclusion princi-
ple, we will still examine its Dirac structure, i.e. spin-
spin interaction, in detail to find whether there is any
non-trivial, such as Borromean, 3-body state. Similar
to the bosonic case, we introduce a fermion–di-fermion
model to study this problem,
L = ψ¯(i/∂ −m)ψ+ ∂µ∆†∂µ∆+M2∆2
−ih(∆†ψ¯cγ5ψ+ ∆ψ¯γ5ψc), (8)
where ψc = Cψ¯T = iγ2γ0ψ¯T . This model is moti-
vated by the so-call quark-diquark model in high energy
nuclear physics for studies of the quark matter. Here
we choose the one-flavor and one-color quark field for
simplicity, since the static isospin and color charge will
not change momentum dependence of the coupling con-
stants which play crucial roles in the structure of the 4-
point vertex flow equation. Effectively the ψ+ ψc → ∆
would generate two kinds of 4-point interactions, i.e.
the s-wave g1∆2ψ¯ψ and the p-wave g2∆2ψ¯i/∂ψ because
of the Dirac structure. This could be easily checked by
straightforward perturbative computation. Although in
principle the s-wave part is supposed to vanish in the
one-flavor and one-color scenario because of the Pauli
exclusive principle, we still keep it for the following two
reasons. First, the Pauli exclusive principle could be de-
toured by introducing more static color or flavor num-
bers which will bring no changes to the momentum de-
pendence of the coupling constants up to some symmet-
ric factors. Second, the di-fermion is treated as a funda-
mental field in this model. As a result this will not forbid
the s-wave 3-body interaction technically. It therefore
gives us a chance to study its flow equation qualitatively
in this simple model. For simplicity we will neglect mix-
ing processes, i.e. g1g2 terms, and calculate corrections
to the flow of the two 4-point vertices separately.
Contributing diagrams are the same as those in Figs.1
and 2 if we replace the solid propagators with fermionic
ones. In the NR case for the s-wave coupling we get the
flow equations as
∂sZ∆ = − mh
2
4pi2Λ
, ∂sZψ =
h2Λ3
18pi2m3
, (9)
∂sg1 = −5mh
2g1
12pi2Λ
− m
2h4
12pi2Λ3
− g
2
1Λ
12pi2
. (10)
Similar to the bosonic case, the Zψ term, due to the anti-
fermion, is suppressed by the mass as m−3. By neglect-
ing the anti-fermion’s contribution safely and taking the
small Λ and large m limit we obtain solutions as
g1 =
2
√
21pi2
Λ
[Tanh(
√
21s
6
+ c0)− 5√
21
], (11)
where M has been set as 2m since two-body coupling
h2 = 4pi2 Λm approaches to zero in the small Λ limit.
When the system contains only s-wave coupling, there
is no singularity along s for the hyperbolic tangent func-
tion, which means no 3-body state appears. This is the
well-known result in the NR fermionic system. As a
byproduct we also find that the 3-point vertex h is sup-
pressed by m as well which agrees with the ∆ψψ term’s
vanishing in the NR model because of the fermionic
anti-exchange property. In contrast the bosonic result
is enhanced by the mass.
Although the p-wave vertex has a different momen-
tum dependence, it does not give us more surprise ei-
ther. The flow equation of g2 reads
∂sg2 = −7mh
2g2
12pi2Λ
− mh
4
12pi2Λ3
− mg
2
2Λ
3pi2
. (12)
Only the g2h2 and g22 terms are modified. We get the
similar hyperbolic tangent solution as
g2 = − pi
2
mΛ
[
√
21Tanh(
√
21
3
s+ c0)− 5]. (13)
In the relativistic case, i.e. m  Λ, the s-wave case is
trivial. The g21 and h
4 terms are proportional to m, there-
fore the flow of g1 should be governed by g1h2 term and
4results in a trivial solution g1 ∼ s−1. In the following we
focus on the p-wave interaction whose flow equations
are
∂sZ∆ = − h
2
4pi2
, ∂sZψ = − h
2
4pi2
, (14)
∂sg2 = −7h
2g2
8pi2
− 5h
4
32pi2Λ2
+
3g22Λ
2
2pi2
. (15)
Noting that there are no mass dependence, thus the
solution would not be altered even in the chiral limit
m = 0. In small Λ limit we obtain the two-body cou-
pling goes to zero as h2 = 4pi2/(3s). And g2 should
satisfy
∂sG = −2G− 5pi
2
18s2
− 7
6s
G+
3
2pi2
G2, (16)
where G = Λ2g2. The solution goes to −e−2s at large
s and converges to pi2(
√
61 + 1)s−1/18 at small s. As
a typical Riccati equation, it is usually linearized with
an auxiliary function u(s) as G(s) = − 2pi23 ∂suu . And the
corresponding solution is
u(s) = c1e2ssβ−α[c0U
β
α (2s) + L
β−1
−α (2s)] (17)
where α = (13 +
√
61)/12, β =
√
61/6 + 1, Uβα the Tri-
comi confluent hypergeometric function and Lβα the gen-
eralized Laguerre polynomial. Obviously the zeros of
u(s) will generate singularities of G(s). When the in-
tegral constant c0 > 0, there is an isolated zero of u(s)
which generates a 1st order pole of G(s) at finite s, and
the corresponding pole increases with c0. When c0 < 0,
the pole approaches zero smoothly. The flow of G with
different c0 are presented in Fig.3.
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FIG. 3: The flow of G with integral constants c0 = −3,−1, 1, 3.
At UV range(small s) all of the lines converge to the
same value pi2β/(3s), while at IR range(large s) different
c0 corresponds to different values at low energy-scale.
However it is not easy to tune the coupling in the deep
IR range to get the 3-body Borromean state, since the
value differences are quite small in this range.
Summary and Discussions.— With the linear bosonic
model we checked the existence of Efimov-like states in
bosonic systems. In NR limit we confirmed that firstly
contribution from antiparticles is negligible as expected.
Secondly, a series of Efimov-like singularities is found
in the flow of the 4-point vertex. Although more de-
tailed computations are needed to reduce the deviation
from the standard value of δs ≈ pi, qualitatively the NR
approximation is promising. In the relativistic limit we
find the Efimov-like effect still exists but with a smaller
energy ratio. Furthermore, the mass dependence dis-
appears in flow equations, which means the conclusion
would hold even in massless limit. For the fermionic
case the fermion–di-fermion model, motivated by the
quark-diquark model in the quark matter phase dia-
gram and heavy baryon studies, is adopted. Because
of the Dirac structure of fermions there are two kinds
of 4-point vertices that should be taken into account, i.e.
the s-wave and p-wave ones. In NR limit both vertices
are trivial. The 3-vertex is suppressed by Λ/m and thus
vanish in the large mass limit. This agrees with straight-
forward computations of NR models.
In the relativistic limit the result is more non-trivial.
Depending on the IR value of the p-wave 4-vertex cou-
pling there may be one isolated pole at finite s. In quark
matter the quark-diquark coupling originates from the
fundamental strong interaction between color charge,
so this singularity may indicate a special baryonic state
of quarks. As the bosonic case, this singularity has no
mass dependence which means it would persist even
for the chiral fermions. For both bosonic and fermionic
systems, all of the singularities appear at the IR range
where the 3-vertex approaches zero. Therefore they
could be identified as Borromean states. Although it is
an exciting clue that there may be a single Borromean
state in the chiral fermion case, we should admit the de-
tection is actually difficult by considering the full inter-
action of different kinds of charges, such as color and
isospin. The gauge fields may easily destroy the bound
state due to the large amplitude of processes involving
soft gauge bosons. In order to determine the existence of
the state more works are required, such as fitting the IR
value of the model and estimating the scattering ampli-
tude of different processes from a more realistic model.
And we also believe a more definite answer could be
obtained by solving the 3-body Dirac equation with a
suitable spin dependent 2-body potential, such as that
in [15].
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